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Euler Flutter Analysis of Airfoils Using
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Modifications to a two-dimensional, unsteady Euler code for the aeroelastic analysis of airfoils are described.
The modifications involve including the structural equations of motion and their simultaneous time integration
with the governing flow equations. A novel aspect of the capability is that the solutions are obtained using
unstructured grids made up of triangles. Comparisons are made with parallel calculations performed using linear
theory and a structured grid Euler code to assess the accuracy of the unstructured grid Euler results. Results are
presented for a flat-plate airfoil and the NACA 0012 airfoil to demonstrate applications of the Euler code for
generalized force computations and aeroelastic analysis. In these comparisons, two different finite-volume
discretizations of the Euler equations on unstructured meshes were employed. Sensitivity of the Euler results to
changes in numerical parameters was also investigated.

Nomenclature
Ay = generalized aerodynamic force resulting from pressure

induced by mode j acting through mode /
a - nondimensional distance from midchord to elastic axis
#00 = freestream speed of sound
b = airfoil semichord, c/2
Cp = pressure coefficient
c = airfoil chord
Cj = generalized damping of mode /
k - reduced frequency, ^c/2Uoa
kt = generalized frequency of mode /
MOO = freestream Mach number
m - airfoil mass per unit span
mi = generalized mass of mode /
Q = nondimensional dynamic pressure [(7oo/(^waV/I)]2

Qf = nondimensional dynamic pressure at flutter
Qi = generalized force in mode /
Qi = generalized displacement of mode i
ra = airfoil radius of gyration about elastic axis
5 = Laplace transform variable, o + /o>
T = time, s
t = time, nondimensionalized by freestream speed of

sound and airfoil chord, Tajc
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t/oo = streamwise freestream speed
iij = load vector
Xj = state vector
xa - nondimensional distance from elastic axis to mass center
oiQ = mean angle of attack
ACP = unsteady lifting pressure coefficient normalized by the

amplitude of oscillation
9 = integral of state-transition matrix
fjL = airfoil mass ratio, m/^p^b2

poo = freestream density
o = real part of Laplace transform variable
$ = state-transition matrix
w = angular frequency
Wf, = uncoupled natural frequency of bending mode
coa = uncoupled natural frequency of torsion mode

Introduction

CONSIDERABLE progress has been made over the past
decade on developing computer codes for transonic

aeroelastic analysis.1 This research has been highly focused on
developing finite-difference codes for the solution of the tran-
sonic small-disturbance2'3 and full-potential4'5 equations, al-
though efforts are currently underway at the higher equation
levels as well.6'10 The above work on aeroelastic analysis with
the Euler and Navier-Stokes equations has all been done with
flow solvers that assume that the computational grid has an
underlying geometrical structure. The applications have also
been limited to simple geometries such as airfoils and wings.
Several problems arise, however, in extending these proce-
dures to treat more complicated geometries. For example, it is
generally recognized that it is difficult to generate a structured
grid about a complete aircraft configuration. Other diffi-
culties arise in moving the grid for aeroelastic motion where
the grid must conform to the instantaneous shape of the
vehicle. Therefore, an alternative approach that can treat
complex aircraft configurations undergoing realistic deforma-
tions and motions is desired.

An alternative approach for the modeling of complex air-
craft configurations is the use of unstructured meshes.11"14 In
two dimensions these meshes are constructed from triangles
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and in three dimensions they consist of an assemblage of
tetrahedra. These triangles or tetrahedra are oriented to con-
form to the geometry being considered, thus making possible
the treatment of complicated shapes. Applications of these
methods have been demonstrated for multielement airfoils11'12

and complete aircraft configurations.13'14 A further advantage
of the unstructured grid methods is that they easily permit
mesh refinement in regions of high-flow gradients to more
accurately resolve the physics of the flow.12'15'16

An assessment of the applicability of the unstructured grid
methodology for unsteady aerodynamic analysis of airfoils
was reported in Ref. 17 where an unsteady Euler solver based
on an unstructured grid of triangles was developed to treat
oscillating airfoils. The capability included a dynamic mesh
algorithm to allow for airfoil motion. The algorithm is quite
general in that it can treat realistic motions and deformations
of multiple two-dimensional bodies.

The purpose of this study was to extend the two-dimen-
sional, unsteady Euler code of Ref. 17 to the aeroelastic anal-
ysis of airfoils. This represents a first step toward aeroelastic
analysis of aircraft using unstructured meshes.18 Results are
presented for a flat-plate airfoil and for the NACA 0012
airfoil to demonstrate applications of the Euler code to gener-
alized aerodynamic force computation and aeroelastic analy-
sis. Detailed comparisons are made for results obtained using
the two-dimensional Euler code, the CFL3D19 Euler/Navier-
Stokes code, and linear theory.20 These comparisons permit an
assessment of the accuracy of the Euler code for such applica-
tions. In these comparisons, two different finite-volume dis-
cretizations of the Euler equations on unstructured meshes are
employed. Sensitivity of the Euler results to changes in numer-
ical parameters was also investigated.

Euler Solution Algorithm
The two-dimensional, unsteady Euler equations are solved

using the multistage Runge-Kutta, time-stepping scheme of
Ref. 17. This algorithm uses a finite-volume spatial discretiza-
tion for solution on an unstructured grid made up of triangles.
The original algorithm of Ref. 17 was a node-based scheme
whereby the flow variables are stored at the vertices of the
triangles. A second algorithm, a cell-centered scheme, was
also employed in the present study. This second scheme is
based on unpublished work of the second author. In the
cell-centered scheme, the flow variables are stored at the cen-
troids of the triangles. In both algorithms, artificial dissipa-
tion is added explicitly to prevent oscillations near shock
waves and to damp high-frequency uncoupled error modes.
Specifically, an adaptive blend of harmonic and biharmonic
operators is used, corresponding to second- and fourth-differ-
ence dissipation, respectively. The biharmonic operator pro-
vides a background dissipation to damp high frequency errors,
and the harmonic operator prevents oscillations near shock
waves. The algorithms also employ enthalpy damping, local
time stepping, and implicit residual smoothing to accelerate
convergence to steady state. The local time stepping uses the
maximum allowable step size at each grid point for the node-
based scheme and for each triangle in the cell-centered
scheme, as determined by a local stability analysis. The im-
plicit residual smoothing permits the use of local time steps
that are larger than those imposed by the Courant-Fredricks-
Lewy stability condition. This is achieved by averaging the
residuals implicitly with neighboring values. A time-accurate
version of the residual smoothing is also used for global time
stepping during unsteady applications of the code.

With respect to boundary conditions, a characteristic analy-
sis based on Riemann invariants is used to determine the
values of the flow variables on the outer boundary of the grid.
This analysis correctly accounts for wave propagation in the
far field, which is important for rapid convergence to steady
state and serves as a nonreflecting boundary condition for
unsteady applications.

Dynamic Mesh Algorithm
A dynamic mesh algorithm is used to move the mesh for

unsteady airfoil calculations. The method, as developed in
Ref. 17, models the triangulated mesh as a spring network
where each edge of each triangle represents a spring with
stiffness inversely proportional to the length of that edge. In
this procedure, grid points along the outer boundary of the
mesh are held fixed, and the instantaneous locations of the
points on the airfoil (inner boundary) are specified. For aero-
elastic calculations, the position of the inner boundary is
determined by the structural equations of motion. The loca-
tions of the interior nodes are then determined by solving the
static equilibrium equations that result from a summation of
forces at each node in both the x and y directions. The solution
of the equilibrium equations is approximated by using a pre-
dictor-corrector procedure, which first predicts the new loca-
tions of the nodes by extrapolation from grids at previous time
levels and then corrects these locations by using several Jacobi
iterations of the static equilibrium equations. The predictor-
corrector procedure is relatively efficient because only one or
two Jacobi iterations are required to move the mesh accurately.

Pulse Transfer Function Analysis
Generalized aerodynamic forces, which are typically used in

aeroelastic analyses, may be obtained by calculating several
cycles of a harmonically forced oscillation with the determina-
tion of the forces based on the last cycle of oscillation. The
method of harmonic oscillation requires one calculation for
each value of reduced frequency of interest. By contrast,
generalized forces may be determined for a wide range of
reduced frequency in a single calculation by the pulse transfer
function analysis.21'22 This, of course, relies on the local lin-
earity of the airloads with respect to mode and amplitude of
motion, which must be assured for reliable use of the method.

Time-Marching Aeroelastic Analysis
In this section the aeroelastic equations of motion, the

time-marching solution procedure, and the modal identifica-
tion technique are described.

Aeroelastic Equations of Motion
The aeroelastic equations of motion can be written for each

mode / as

CM + k&i = Qi (1)

where qt is the generalized normal mode displacement, m; is
the generalized mass, c/ is the generalized damping, A:/ is the
generalized stiffness, and Q/ is the generalized force computed
by integrating the pressure weighted by the mode shapes.
These equations of motion are derived by assuming that the
deformation of the body under consideration can be described
by a separation of variables involving the summation of free
vibration modes weighted by generalized displacements. This
analysis differs from the traditional form of the two-dimen-
sional aeroelastic equations of motion, which are usually writ-
ten in terms of plunge and pitch degrees of freedom. This
normal mode form of the equations was implemented in the
present study due to the relative ease of extending the method-
ology to three-dimensional structures where the normal mode
representation is most common.

Time-Marching Solution
The solution procedure for integrating Eq. (1) is similar to

that described by Edwards et al.23'24 A similar formulation is
implemented in the present study for multiple degrees of free-
dom. Here the linear state equations are written as

Xi = AXJ + Bui (2)
where A and B are coefficient matrices that result from the
change of variables #/ = [<// <?/]r, and u/ is the nondimensional



438 RAUSCH, BATINA, AND YANG J. AIRCRAFT

generalized force weighted by mode /. Equation (2) is inte-
grated in time using the modified state-transition matrix struc-
tural integrator24 implemented as a predictor-corrector proce-
dure according to

Predictor:

Y" "*" l — <•*/ ~~

Corrector:

(3a)

(3b)

where $ is the state-transition matrix, and 9 the integral of the
state-transition matrix from time step n to n + 1.

Modal Identification Technique
Damping and frequency characteristics of the aeroelastic

responses are estimated from the response curves by using the
modal identification technique of Bennett and Desmarais.25

The modal estimates are determined by a least-squares curve
fit of the responses of the form

qt(T) = a0 + EeaJT[aj cos(w/r) + i = 1,2 (4)

where m is the number of modes which was selected to be
equal to two in the present study.

State-Space Aeroelastic Stability Analysis
As an alternative to the time-marching analysis, aeroelastic

stability analyses were performed using state-space aeroelastic
modeling as developed in Refs. 26 and 27. This locally linear
aeroelastic stability analysis is relatively inexpensive and re-
tains the nonlinear properties of the transonic mean flow. The
model is derived by curve fitting the generalized force transfer
functions obtained from transient responses resulting from
pulsed motions of the airfoil modes. These Fade approximat-
ing functions26 may be written as a set of ordinary differen-
tial equations and coupled to the airfoil equations of motion.
This leads to a linear first-order matrix equation, which can be
solved using linear eigenvalue solution techniques. The result-
ing eigenvalues are plotted in a dynamic pressure root-locus
type format in the complex s plane.

.8 1.0

a) plunge motion

Linear theory
o Euler

Fig. 1 Partial view of 64 x 32 grid of triangles about the flat-plate
airfoil.

b) pitch motion

Fig. 2 Comparisons of unsteady pressure distributions computed
using linear theory and the node-based Euler algorithm for the flat-
plate airfoil undergoing harmonic motion at Moo = 0.5, ao = 0 deg,
and k = 0.25.

Results and Discussion
To assess the accuracy of the two-dimensional, unstructured

grid Euler code for generalized force computation and aero-
elastic analysis, calculations were performed for a flat-plate
airfoil and for the NACA 0012 airfoil. Comparisons are made
with parallel calculations performed using alternative meth-
ods. Generalized aerodynamic forces were computed using the
pulse transfer-function analysis as well as by simple harmonic
oscillation for several values of reduced frequency. In the
harmonic calculations, the airfoil was forced to oscillate for
three cycles to obtain a periodic solution using 2500 steps/cy-
cle of motion. Both plunge and pitch-about-the-quarter-chord
motions were considered. The amplitudes of oscillation were
0.01 chord lengths and 0.1 deg for plunge and pitch, respec-
tively. Aeroelastic results are presented for a much studied
configuration designated as case A in Ref. 28, which has
normal modes similar to those of a streamwise section near the
tip of a swept-back wing. The wind-off bending and torsion
frequencies are 71.33 and 535.65 rad/s, respectively. The pivot
point for the bending mode is located 1.44 chord lengths
upstream of the leading edge of the airfoil. The pivot point for
the torsion mode is 0.068 chord lengths forward of midchord.
These mode shapes and natural frequencies were determined
by performing a free vibration analysis with the aeroelastic
equations of motion written in the traditional form using the
following structural parameter values: a = -2.0, xa = 1.8,
ra= 1.865, a?* = 100 rad/s, and wa = 100 rad/s. Also, the
airfoil mass ratio was /* = 60. Generalized displacements cor-
responding to the inertially coupled modes are defined as q\
and <72» respectively. Initial conditions for the time-marching
aeroelastic analysis were #i(0) = 2 and £2(0) = 0-01-
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Flat-Plate Airfoil Results
Calculations were performed for a flat-plate airfoil to assess

the accuracy of the unstructured grid Euler code for a simple
configuration where a highly accurate linear theory solution is
available for comparison. The results were obtained using a
mesh of triangles, which was generated analytically by a mod-
ified Joukowski transformation. A partial view of the mesh is
shown in Fig. 1. The grid has 2048 nodes, 4096 triangles, and
extends 20 chord lengths from the airfoil with a circular outer
boundary. Also, there are 64 points which lie on the surface of
the airfoil. Calculations were performed for the flat-plate
airfoil at a freestream Mach number of M& = 0.5 and 0 deg
angle of attack. Results were obtained using both the node-
based and the cell-centered spatial discretizations of the Euler
equations. Comparisons are made with computations per-
formed using the linear theory program of Ref. 20, which is
based on the kernel-function method.

Unsteady Pressure Comparisons
Unsteady pressure distributions due to simple harmonic

motion were computed for the flat-plate airfoil to determine
the accuracy of the pressures by making comparisons with
linear theory results. The Euler results shown were obtained
using the node-based discretization of the Euler equations.
The calculations were performed at a reduced frequency based
on semichord of k = 0.25 for both plunge and pitch-about-
the-quarter-chord motions. These results are presented in Fig.
2 as real and imaginary components of the lifting pressure
coefficient normalized by the amplitude of oscillation ACP.
The comparisons between Euler and linear theory pressure
distributions indicate good agreement between the two sets of
results, which tend to verify the Euler calculations. In these
comparisons the real parts of the pressure distributions agree
slightly better than the imaginary parts. Also, the largest dif-
ferences occur in the imaginary part of the unsteady pressure
due to plunge (Fig. 2a) which is underpredicted in comparison
with linear theory. Furthermore, a fundamental difference
between the Euler and linear theory pressure distributions is
the fact that the pressure jump at the leading edge is zero in the
Euler calculation with the node-based scheme in comparison
with infinity predicted by linear theory. The Euler pressure
jump is zero at the leading edge since the grid point here can
be defined as either an upper surface or lower surface point
and hence AC^ = 0. According to linear theory, however,
there is a square-root singularity in the lifting pressure coeffi-
cient at the leading edge. Consequently, some of the differ-
ences in the Euler pressures on the surface of the airfoil aft of
the leading edge and subsequent differences in generalized
forces in comparison with linear theory may be attributed to
this fundamental difference in the character of the solutions
near the leading edge.

Generalized Force Comparisons
Generalized aerodynamic forces for the flat-plate airfoil are

presented in Fig. 3; they are computed using three different
methods including the pulse analysis, the harmonic analysis,
and linear theory. Here, both sets of Euler results were first
obtained using the node-based spatial discretization of the
Euler equations. The results are plotted as real and imaginary
components of the unsteady forces A\j as a function of re-
duced frequency k. In this section, plunge and pitch-about-
the-quarter-chord are defined as modes 1 and 2, respectively.
Thus, for example, Au is the lift coefficient due to pitching.
The harmonic results were obtained at five values of reduced
frequency: k = 0.0, 0.25, 0.50, 0.75, and 1.0. These results are
used to determine the accuracy of the results obtained using
the pulse analysis. Both of these sets of results are compared
with linear theory results, which are the correct solution for
this case.

As should be expected, the Euler forces computed using the
pulse analysis are in excellent agreement with the forces corn-

Linear theory
— — — Euler-pulse

O Euler-harmonic

.8 1.0

Fig. 3 Comparisons of generalized aerodynamic forces computed
using linear theory and the node-based Euler algorithm for the flat-
plate airfoil at Moo = 0.5 and «o = 0 deg.

puted using simple harmonic motion at all values of reduced
frequency that were considered. Both of these sets of forces
agree reasonably well with the linear theory forces at the lower
values of reduced frequency, although differences occur at the
higher values of reduced frequency. For example, for the lift
coefficient due to plunge An, the imaginary part is underpre-
dicted by approximately 20% at k - 1.0 in comparison with
linear theory. Also, the forces due to pitch compare slightly
better than the forces due to plunge.

To investigate the source of the discrepancies between Euler
and linear theory forces, many numerical parameters in the
node-based algorithm were varied. These variations include:
1) mesh refinement, 2) the amplitude of motion, 3) how many
Jacobi iterations were used in the dynamic mesh capability, 4)
whether the mesh was moved rigidly following the airfoil
motion or with the dynamic mesh capability, 5) the temporal
order of accuracy in the numerical determination of grid
speeds, 6) whether the grid speeds were determined numeri-
cally or analytically, 7) the level of explicit artificial dissipa-
tion that was used in the calculation, and 8) whether or not
implicit residual smoothing was used to increase the allowable
step size. In all cases, the results compared to plotting accu-
racy and are thus considered to be converged with respect to
these variations.

The unsteady Euler calculations for the flat-plate airfoil
were then repeated using the cell-centered algorithm to deter-
mine the effects of the spatial discretization on the generalized
forces. These results and comparisons are presented in Fig. 4.
All of the conditions that were used to determine these results
were the same as those used to obtain the results of Fig. 3. In
contrast with the node-based Euler results, the cell-centered
Euler forces are in very good agreement with linear theory, for
both plunge and pitch motions, for the entire range of reduced
frequency that was considered. Also, the real parts of the
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Linear theory
— — — Euler-pulse

P Euler-harmonic

8 1.0

Fig. 4 Comparisons of generalized aerodynamic forces computed
using linear theory and the cell-centered Euler algorithm for the
flat-plate airfoil at M* = 0.5 and <XQ = 0 deg.

forces compare slightly better than the imaginary parts. There-
fore, because of the improved accuracy provided by the cell-
centered discretization, the remainder of the study was con-
ducted using the cell-centered scheme.

Aeroelastic Comparisons
Aeroelastic results for case A were obtained for the flat-

plate airfoil using both the state-space and time-marching
analyses. The state-space calculations were performed using
the generalized aerodynamic forces determined by the Euler
pulse analysis and by linear theory. These results are presented
in a dynamic pressure root-locus-type format in the complex s
plane. The time-marching calculations were performed for
three values of dynamic pressure, which bracket the flutter
condition, as determined by the state-space analysis. Damping
and frequency estimates were determined from the resulting
aeroelastic transients using the modal identification technique.
These estimates were then compared with values obtained
from the state-space calculations to assess the accuracy of the
Euler time-marching aeroelastic procedures. A quadratic in-
terpolation of the time-marching dominant damping values
was also used to determine the flutter condition, which corre-
sponds to zero damping.

A comparison of nondimensional dynamic pressure root
loci for the flat-plate airfoil is presented in Fig. 5. These root
loci indicate that the bending- and torsion-mode frequencies
approach each other for low values of Q. The flutter condition
is given by the o = 0 crossing of the bending root locus, which
continues into the unstable right-half plane as the dynamic
pressure is increased further. The two sets of root loci agree
well with ea_ch other, and the values of dynamic pressure at
flutter are Qf = 4.8 and 4.6, as predicted by the Euler and
linear theory analyses, respectively.

_ Time-marching aeroelastic calculations were performed for
Q = 3.0, 4.0, and 5.0. From these calculations, the generalized
displacement of the second coupled mode <?2 as a function of
time Tis presented in Fig. 6. The two-mode curve fits from the
modal identification technique are also given. Note the agree-
ment of the curve fits to the data to within plotting accuracy.
These displacement responses show subcritical, near neutrally
stable, and unstable aeroelastic behavior corresponding to
Q - 3.0, 4.0, and 5.0, respectively, which is consistent with the
state-space results of Fig. 5.

The component modes from the two-mode curve fit of the
displacement responses are shown in Fig. 7 for all three cases
that were considered. These component modes consist of a
dominant mode of larger amplitude corresponding to bending
(mode 1) and a second, smaller amplitude, damped mode

0
-1

O Linear theory
n Euler

Bending

.2 -.8 -A 0 .4 .8

Fig. 5 Comparisons of nondimensional dynamic pressure root loci
for the flat-plate airfoil at M» = 0.5 and «o = 0 deg for case A.

Data

.02 .08 .10.04 .06
T

Fig. 6 Effects of nondimensional dynamic pressure on the gen-
eralized displacement of the second coupled mode for the flat-plate
airfoil at M» = 0.5 and «o = 0 deg for case A.
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Fig. 7 Effects of nondimensional dynamic pressure on the
component modes of the aeroelastic system for the flat-plate airfoil at
Moo = 0.5 and «o = 0 deg for case A.
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Table 1 Comparisons between aeroelastic solutions for the
flat-plate airfoil at Mx = 0.5 and ao = 0 deg for case A

Mode 1 Mode 2
Method

3.0

4.0

5.0

Linear theory
Euler state-space
Euler time-marching
Linear theory
Euler state-space
Euler time-marching
Linear theory
Euler state-space
Euler time-marching

-0.095
-0.124
-0.075

-0.061
-0.099
-0.024

0.082 ;
0.049 :
0.121 :

.578

.574

.587

.913

.921

.918

2.308
1.339
L291

-0.462
-0.471
-0.465

-0.639
-0.663
-0.591

-0.937
-0.999
-0.815

4.658
4.665
4.653
4.341
4.348
4.323

3.951
3.955
4.037

Fig. 8 Partial view of unstructured grid of triangles about the
NACA 0012 airfoil.

corresponding to torsion (mode 2). Damping and frequency
estimates of the two modes from the curve fits are compared
with the state-space model values from the Euler pulse analysis
and from linear theory in Table 1. These comparisons indicate
that the time-marching values correlate well with the other two
sets of results, which tends to verify the Euler time-marching
aeroelastic procedures. In general, however, the frequency
values agree better than the damping values, as expected. The
value of dynamic pressure at flutter from the time-marching
analysis was determined to be Qf = 4.4, which is within 5% of
the linear theory flutter value.

NACA 0012 Airfoil Results
Calculations were performed for the NACA 0012 airfoil to

assess the accuracy of the unstructured grid Euler code for
transonic applications. The results were obtained using an
unstructured grid of triangles, a partial view of which is shown
in Fig. 8. The grid has 3300 nodes, 6466 triangles, and extends
20 chord lengths from the airfoil with a circular outer
boundary. Also there are 110 points that lie on the surface of
the airfoil/Calculations were performed for the airfoil at
MO, = 0.8 and 0 deg angle of attack. Comparisons are made
with parallel computations performed using the CFL3D code,
run in a two-dimensional mode. The CFL3D code is an Euler/
Navier-Stokes code based on cell-centered, upwind-difference
discretizations of the governing flow equations based on struc-
tured meshes. The CFL3D Euler results that were used in the
present study were obtained from Ref. 29, wherein aeroelastic
modeling similar to that of the present study was implemented
within the code.

Steady Pressure Comparisons
Steady pressure distributions along the upper surface of the

NACA 0012 airfoil are presented in Fig. 9. The calculated

steady pressures from the Euler code are compared with the
experimental steady pressure data of Ref. 30. These pressure
distributions indicate that there is a moderately strong shock
wave near the midchord of the airfoil. The Euler results com-
pare well with the experimental data in predicting the shock
location and strength, as well as the overall pressure levels.
This suggests that viscous effects are relatively small for this
case.

Generalized Force Comparisons
Generalized aerodynamic forces for the NACA 0012 airfpil

are presented in Fig. 10, computed using the unstructured grid
Euler pulse analysis, the unstructured grid Euler harmonic
analysis, and the CFL3D harmonic analysis. Both sets of
harmonic results were obtained at six values of reduced fre-
quency: k = 0.0, 0.125, 0.25, 0.5, 0.75, and 1.0. As shown in
fig. 10, the forces from the unstructured grid Euler pulse
analysis agree well with the forces from the harmonic analysis.

1.2

.8

.4

-Cp 0

-.4

-.8

-1.2

3 °̂°* * Euler

^ o Experi

" ° 9o

>
- d^ ^̂ ÎIIî 111 *̂

A i i i i i
0 .2 .4 .6 .8 1.0

x/c
Fig. 9 Comparison of upper surface steady pressure distributions on
the NACA 0012 airfoil at A/oo = 0.8 and «o = 0 deg.

——— Euler - pulse
o Euler - harmonic
n CFL3D - harmonic

-1
.2 .4 .6 .8 1.0

k
Fig. 10 Comparisons of generalized aerodynamic forces computed
using CFL3D arid the cell-centered unstructured-grid Euler algorithm
for the NACA 0012 airfoil at M<» = 0.8 and «0 = 0 deg.
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The harmonic analysis, however, is considered to be the more
accurate of the two sets of calculations because the local
linearity assumption in the pulse analysis may be questionable
for transonic flow cases. As further shown in Fig. 10, the
harmonic forces from the unstructured grid Euler code are in
very good agreement with the CFL3D (Euler) harmonic
forces, for both plunge and pitch motions, for all values of
reduced frequency that were considered.

Aeroelastic Comparisons
Aeroelastic results for case A were obtained for the NACA

0012 airfoil using the time-marching analysis. The calculations

x 10-3
———— CFL3D
— — — Euler

-1 0.2

jfe/^ Q = 0.5
3|-
2
1
0

-1
-2

A
Q = 0.8

J___J
0 .04 .08 .12 .16 .20

T
Fig. 11 Comparisons of generalized displacements computed using
CFL3D and the unstructured-grid Euler code for the NACA 0012
airfoil at A/oo = 0.8 and ao = 0 deg for case A.

Data
x 10-3 — — — Two-mode fit

0.2
i
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.04 .08 .12 .16 .20 .
T

Fig. 12 Effects of nondimensional dynamic pressure on the gen-
eralized displacement of the second coupled mode for the NACA 0012
airfoil at A/bo = 0.8 and ad = 0 deg for case A.
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I
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Fig. 13 Effects of nondimensional dynamic pressure on the
component modes of the aeroelastic system for the NACA 0012 airfoil
at A/oo = 0.8 and «o = 0 deg for case A.

Table 2 Comparisons between aeroelastic solutions for the
NACA 0012 airfoil at A/oo = 0.8 and «0 = 0 deg for case A

Mode 1 Mode 2
Method

0.2

0.5

0.8

CFL3D time-marching
Euler time-marching
CFL3D time-marching
Euler time-marching
CFL3D time-marching
Euler time-marching

-0.011
-0.011

0.004
0.000

0.026
0.017

0.794
0.790

0.914
0.913
1.027
1.022

-0.091
-0.068

-0.185
-0.148

-0.173
-0.223

5.363
5.353

5.347
5.349

5.270
5.317

were_performed for several values of dynamic pressure includ-
ing g = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, and 0.8 to obtain condi-
tions that bracket the flutter point. Figure 11 shows time
responses of the generalized displacement of the second cou-
pled mode for Q - 0.2, 0.5, and 0.8, which correspond to
subcritical, near neutrally stable, and unstable aeroelastic be-
havior. Also plotted are the corresponding responses com-
puted using CFL3D (Euler).29 A comparison of these re-
sponses indicates that the time-marching aeroelastic results
from the unstructured grid Euler code agree well with those
from the CFL3D code lending additional confidence in the
aeroelastic modeling procedures that were implemented.
Shown in Fig. 12 are the two-mode curve fits of the responses
from the Euler code again showing excellent approximations
to the original data. The component modes from_these curve
fits are shown in Fig. 13 for the three values of Q that were
considered in Figs. 11 and 12. Similar to the flat-plate airfoil
case of Fig. 7, the NACA 0012 airfoil results of Fig. 13 show
that the component modes consist of a dominant mode corre-
sponding to bending (mode 1) and a second higher frequency
mode corresponding to torsion (mode 2). Damping and fre-
quency estimates from this analysis are compared with similar
values from the CFL3D results in Table 2. These comparisons
indicate that the unstructured grid Euler values correlate well
with the CFL3D values. Also, the flutter value for Q, again
computed by quadratic interpolation of the damping values,
was 0.50 for the Euler code and 0.48 for the CFL3D code.
Linear theory at M* = 0.8, which of course does not include
transonic effects, predicts a much higher value of 1.89.

Concluding Remarks
Modifications to a two-dimensional, unsteady Euler code

based on unstructured grid methods for the aeroelastic analy-
sis of airfoils were described. This involved the addition of the
structural equations of motion for their simultaneous time
integration with the governing flow equations. The flow solver
of the Euler code involves a multistage, Runge-Kutta, time-
stepping scheme, which uses a finite-volume spatial discretiza-
tion. Results for node-based and cell-centered types of dis-
cretizations of the Euler equations were presented. The code
also includes a dynamic mesh algorithm that is capable of
treating general aeroelastic motions. Results were presented
for the flat-plate airfoil and the NACA 0012 airfoil to demon-
strate applications of the Euler code to generalized aerody-
namic force computation and aeroelastic analysis. Detailed
comparisons of results from the two-dimensional Euler code,
the CFL3D Euler/Navier-Stokes code, and linear theory were
made. For the flat-plate airfoil, comparisons between general-
ized forces obtained using the Euler code and linear theory
showed that a cell-centered Euler scheme was superior in
accuracy to a node-based scheme. For the NACA 0012 airfoil
at transonic flow conditions, comparisons with generalized
forces obtained from CFL3D (Euler) showed that the cell-cen-
tered unstructured grid Euler code is also accurate for tran-
sonic unsteady cases.
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Aeroelastic results were presented for two-degree-of-free-
dom airfoils to demonstrate application of the Euler code for
such analyses. Results from both time-marching and state-
space aeroelastic analyses using the Euler code were compared
with linear theory results for the flat-plate airfoil case. Damp-
ing and frequency characteristics of the aeroelastic modes
were in good agreement, and the dynamic pressure at flutter
agreed to within 5%. For the NACA 0012 airfoil, the tran-
sonic, time-marching, aeroelastic results compared well with
similar results from CFL3D and the flutter dynamic pressures
agreed to within 4%.
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